In this paper we compare the effects of different theories of gravitation on the apsidal motion of a sample of Eccentric Eclipsing Detached Binary stars. The comparison is performed by using the formalism of the Post-Newtonian parametrization to calculate the theoretical advance at periastron and compare it to the observed one, after having considered the effects of the structure and rotation of the involved stars.
INTRODUCTION
The problem of the motion of two bodies under their mutual gravitational attraction and the study of binary stellar systems has always been the ideal test bed for the theories of gravitation. Several authors in the last decades dedicated a lot of work in analyzing, both from the theoretical and the experimental point of wiew, the phenomenon of the periastron precession in binary systems to test various gravitational theories (Breen 1973; Lin-Sen 2010) as well as to find correction to the Newtonian and General Relativistic behaviour of the systems due to stellar form factors, spin, tides and other phenomena (Gimenez & Claret 2010; Gimenez 1985; Wolf et al. 2010) .
The classical effect of General Relativity (GR) on the apsidal motion rate at periastron is well known since long time and described by Levi-Civita in a famous paper in 1937 (Levi Civita 1937; Gimenez 1985) . Another possible formulation of the problem, that allows also to test other gravitational theories besides GR, is the use of Parametrized Post Newtonian (PPN) formalism (Thorne & Will 1971; Nordtvedt 1969) . Using this formalism, the different gravitational theories can be compared side by side on the basis of a set of Post-Newtonian (PN) parameters, the masses, the system major semiaxis and the eccentricity. Thus, using a sample of Eccentric Eclipsing Detached Binary (EEDB) ⋆ E-mail:Fabio.Garufi@na.infn.it systems, for which masses and orbital parameters are known with sufficient precision, it is possible to compare the apsidal motion rate at periastronω T h , as expected in the different theories with the observations in order to verify whether the observations can select one theory or another.
In the first section we outline the calculation of the apsidal motion rate at periastron as a function of the Post-Newtonian parameters and give an expression of the PPN for GR, Brans-Dicke (BD) and Nordtvedt (ND) theories (Brans & Dicke 1961; Nordtvedt 1969) . In the second section, we introduce briefly f (R)-theories and calculate the PN parameters for a class of f (R)-Lagrangian, see (Capozziello & De Laurentis 2011) and references therein. In the next section we describe the choice of the data sample and present the calculation ofω T h with its error in the four above mentioned theories. Finally, the results obtained using the 'observed' internal second order stellar structure constants (ISC), are compared with those derived by the stellar evolution model, in order to verify whether some relativistic theory can be ruled out.
ADVANCE AT PERIASTRON
The calculation of the advance at periastron in a binary system in the frame of the PPN formalism is mainly described in a paper by Breen (Breen 1973) that we assumed as reference for this work. In this section, for reader's benefit, we mostly resume the part of Breen's paper that is of interest for the present work.
The idea of considering relativistic gravitational tests in terms of a metric expansion is originally based on a work by Shiff (Schiff 1967) who expanded the single body metric in terms of the ratio between the geometrized mass mg = Gm/c 2 and the distance r: g00 = 1 − 2α mg r + 2β mg r 2 g 0k = 0
Nordtvedt (Nordtvedt 1969) extended the above metric by writing down a general postnewtonian (c −2 ) expansion for n moving bodies, introducing four new parameters α ′ , α ′′ , α ′′′ , ∆ to account for relative velocities and accelerations. Breen (Breen 1973) specialized the case for 2 bodies to write the relative acceleration a12 and calculate the angular advance at periastron in terms of the masses and the PN parameters. Writing the acceleration on the plane of the orbit, centered on body 1:
where all the masses are geometrized and m = m1 + m2. By integrating eq.(3), after some manipulation, the advance at periastron per revolution can be calculated as:
where
is the square of areolar velocity, a the major semiaxis, e the eccentricity and all the masses are in natural units. The difference for the various theories is in the values of the PN parameters; in this version of the Parametrised Post-Newtonian approximation 1 , for General Relativity all the parameters are equal to 1 and the advance at periastron of eq.(4) can be verified to reproduce the "classical" formula by Levi Civita (Levi Civita 1937) :
1 Other versions exist (see e.g. (Will 2006)), with a larger number of parameters, where, for GR, only β and γ are equal to 1, and the other parameters are 0. We use the present formulation to be coherent with the notation of (Breen 1973).
The above PN parameters, and thus the advance at periastron, can be calculated also for other gravitational theories. For the Brans-Dicke gravitational theory (Estabrook 1969):
where ω = 5 is the dimensionless constant of the theory; in the Nordtvedt gravitational scalar-tensor theory (Estabrook 1969; Nordtvedt 1970 ) α = α ′′′ = 1, α ′′ , ∆ and γ are as in Brans-Dicke and:
being ω the same as in Brans-Dicke and
In the next section we will compute the PPN parameters for f (R) theories.
THE PPN PARAMETERS FOR F (R) THEORIES
From a conceptual point of view, there are no a priori reason to restrict the gravitational Lagrangian to a linear function of the Ricci scalar R, minimally coupled with matter. Considering higher order terms in R, is the approach of the so called f (R) Extended Theories of Gravitation (ETG) that motivate this approach with considerations coming from cosmology and quantization issues. If one takes into account a more general theory of gravitation, the calculation of the PPN-limit can be performed following a well defined pipeline which straightforwardly generalizes the standard GR case . A significant development in this sense has been pursued by Damour and Esposito-Farese (Damour & Esposito-Farese 1992 , 1996 , 1998 who approached the calculation of the PPN-limit of scalar-tensor gravity by means of a conformal transformation to the standard Einstein frame. This scheme provides several interesting results up to obtain an intrinsic definition of the parameters γ and β in term of the non-minimal coupling function (see, e.g. (Capozziello & De Laurentis 2011) ). The analogy between scalar-tensor gravity and higher order theories of gravity has been widely demonstrated (Teyssandier & Tourranc 1983; Shmidt 1990; Wands 1994) . Scalar-tensor theories and f (R) theories can be rigorously compared, after conformal transformations, in the Einstein frame where both kinetic and potential terms are present.
Starting from this analogy, it is possible to extend the definition of the scalar-tensor PPN-parameters γ and β (Damour & Esposito-Farese 1992; Schimd et al. 2005) to the case of fourth order gravity, (Capozziello & Troisi 1995; Capozziello et al. 2006) :
If one considers Eqs.(10) as differential equations, and this hypothesis is reasonable if the derivatives of f(R) function are smoothly evolving with the Ricci scalar, one can try to derive a minimal class of f(R) theories, that turns out to be of the form:
where Λ, at this level, is simply a constant. This expression, though, gives β and γ that are consistent with GR; alternatively a generic expression such as a small correction to the exponent 1 of R in GR can be considered, i.e.
By substituting (12) into Eqs.(10) one obtains:
If one takes the value of R in the solar system R ∼ 10 −24 g cm −3 in geometrized units, the result is γ = 1/2 and β = 1 for any R ≪ ǫ < 1.
CHOOSING THE SYSTEMS
In order to verify whether it is possible to identify the best relativistic theory of gravitation, the observed apsidal motion of binary stars must be compared with the motion derived in the various theories. The theoretical calculation of the "Newtonian" motion, is complicated by the effects due to the form factor of the stars, their rotation and other intrinsic parameters such as e.g. density and surface temperature. Most of these effects can be summarized by using a limited set of parameters (see (Gimenez 1985) ), namely the photometric radii of the components, their mass, the eccentricity of the orbit and the internal structure functions for each component. As we will see in next section the latter functions can be condensed in a sort of average structure function k2 that can be both inferred from observational parameters or theoretically calculated from orbital parameters.
Thus, among the various binary stars catalogues available in literature, we choose a sample of Eccentric Eclipsing Detached Binary (EEDB) stars such that the period, the eccentricity, the masses of the components, and, possibly, the observed internal structure function are known with a good precision. The EEDB sample we have chosen is shown in Tab. 2 and was extracted from the most recent catalogues of eclipsing binaries (Bulut & Demircan 2007; Petrova & Orlov 1999; Petrova and Orlov 2002; Dremova & Svechnicov 2011) as well as from the paper by G. Torres (G. Torres et al. 2011) .
In Tab. 2 we report the name of the systems displaying apsidal motion, the classification of the systems with respect to their Roche lobes (Type: D for Detached, SD for Semi-Detached, C for Contact), the observed and theoretical apsidal periods in year U Obs and U T h ), the orbital sidereal period P s in days, the photometric relative radii r1 and r2 of the binary system components, the orbital eccentricity e and the masses M 1⊙ and M 2⊙ of the of the binary system components in solar mass unit. For all the data, the error on the least significant digits is reported in parenthesis.
EQUATIONS OF APSIDAL MOTION AND DATA ANALYSIS
To compare the global rates of theoretical and observed apsidal motion we must take into account the individual contributions of each component due to tidal and rotational distortions, and the general relativistic termω Th , where the index T h indicates the theory under test (e.g. ωGR for General Relativity). Assuming that rotation of both components of an eclipsing binary system is perpendicular to the orbital plane, the apsidal motion rate,ω is given by the following simple relation (Russell 1928; Sterne 1939; Martynov 1971; Kopal 1978) :
Whereω cl is the classical Newtonian term andω Rel is the relativistic contribution. So the period of periastron rotation in year will be:
where P (d) is the orbital period in days,ω is in degrees per cycle, 360 is the number of degrees in one cycle and 365 days in one year. For our purposes the dependance ofω cl on the Internal second order Structure Constants (henceforth ISC) must be evidenced. It descends from the dependance of the theoretical rate of apsidal motion on the ISC, i.e.:
Where the parameters c2i are related to those of the binary system by:
where:
and the square of the ratio between the actual angular rotational velocity ωi of the EEDB components to the angular keplerian orbital velocity ωK,
2 was approximated according to the relation (Kopal 1978)
being ωp the angular velocity at periastron and e the orbital eccentricity. The validity of this approximation was tested in the works by (Claret & Gimenez 1993) and (Gimenez & Claret 2010 ). So we have:
It must be noticed that the individual ISC's k2,i cannot be obtained from the observations although they can be interpolated from evolutionary codes like those used in (Claret & Gimenez 1989 ). So we can evaluate a mean model dependentk2 and a mean observation dependentk 2Obs , and compare them to test the evolution stellar models from the observations of apsidal motion. For main-sequence stars, log k2 is typically of the order of −3 ÷ −2. Now, recalling what observed by Breen (Breen 1973) , if the expression in braces at eq. (4) is a perfect square, the general expression for the relativistic termω Rel , contributing to the advance at periastron, for the different theories can be written as:
where K T h will be:
So, expressing the total mass of the binary eclipsing system in solar mass units and the period in days, being c the speed of light and G the gravitation constant we obtain:
Now, since we obtain the newtonian term of the apsidal motion rateω cl using the observed termω Obs and the relativistic termω Rel of the apsidal motion rate, we can write:
Beingω Obs fixed, we have thatω cl will vary according to the the dependance (23) ofω Rel on the different theories. So referring to (22) we will have :
and remembering (19) we will have:
In Fig. 1 we show the trend of the apsidal motion rateωGR vsω GR,BD,ND,f (R) . Recalling (23) we can write: ωBD ∼ = 0.92ωGR,ωND ∼ = 0.90ωGR,ω f (R) ∼ = 1.10ωGR. It is interesting to note that, according to the values of K T h , f (R) theory gives a relativistic contribution that is slightly higher than GR, whilst BD and ND are slightly smaller. The GR relativistic contribution to apsidal motion appears to be approximately the average among the different theories. It is also evident that there is no significant difference among the theories under test within the errors; nonetheless, significant differences could be found for massive systems with high orbital eccentricities and short orbital period, being K T h in Eq.(23) a sort of amplification factor of each relativistic theory. In Fig. 2 the ratio ofω holds. The dashed line in Fig. 2 represents this last relation, and it is evident that, within the error bars, all the points lie on the line. This shows that no significant differences among the theories can be noticed within the errors. In Fig. 3 we show logk2 Obs vs logk2; it worths noticing thatk2 according to Eq.(19) depends on the stellar evolution model but not on the relativistic theory. It is evident that some systems deviate from the nearly common trend of logk2 Obs vs logk2. In Fig. 4 all the theoretical and observed (according to the different theories) values of logk2 and logk2 Obs are shown. The mean value (green dotted line), the median (red dotted line) and the standard deviation lines (magenta dotted lines) toghether with the maximum (blue dotted line) and minimum(cyan dotted line) of the whole sample of logk2 and logk2 Obs are also shown on the plot. Also in this graph there are systems that deviate for more than one standard deviation with respect to the mean value. We postpone to the next section the discussion of these results. To perform a quantitative analysis, we show the results obtained from our computations in Tables 3, 4 and 5: in Table 3 we show the apsidal motion rateω Rel andω Obs , in Table 4 we show the ratio ofω Table 5 the ISC, log k2i and logk2 Obs toghether with logk2 for different relativistic terms (GR,BD,ND,f(R)).
DISCUSSION AND CONCLUSION
The key idea we followed to try to constrain different relativistic theories using data coming from apsidal motion rate of EEDB was based on the fact that varying the relativistic term of the apsidal motion rate according to the different relativistic theories, the classical Newtonian term will vary accordingly. In this way we can also test if there is an improved agreement among the observed second order mean stellar structure constants and those obtained from the different relativistic aspidal motion rate terms. These tests are based on the fact that if no significant difference among the theories is found within the errors from the apsidal motion data, we can conclude that, if a difference exists, it is masked by the present uncertainty on the knowledge of the ISC as they are determined both by the models and the observations In Fig. 5 , we show the results of the one-way variance analysis performed on the groups relative to the different theories under test; using the technique of the boxplot (Nelson 1989) , we describe, concisely, the distributions ofω rel (top left),ω (bottom left) and the groups constituted by log(k2) and log(k2 Obs ) (bottom right) for the different theory samples. We must note that the medians of the distributions are not different within the errors, whereas, by the positions of their percentiles, we observe an asymmetry and the presence of eight outliers i.e.: V889 Aql, α Crb, AS Cam, HH Car, EK Cep, BM Mon, BW Aqr, VV Pyx, well known from the literature. The presence of ≈ 17% outliers means that the mean values of the sample distributions are biased.
We performed a variance analysis for the mean on the groups of observed and theoretical values, to ascertain, in a quantitative way, if there are significant differences among the groups obtained for the tested relativistic theories. The results for the F statistic (Hogg & Ledolter 1987) are shown in Tab. 1 and, due to the values of the probability p > F much greater than 5%, the null hypothesis that there is no significant difference among the relativistic theories in spite of the outliers is confirmed. Of course, the present results could be heavily dependent on the large uncertainties on the c2i, through which ISC are determined. There are also (bottom left) and the groups constituted by log(k 2 ) toghether with log(k 2Obs ) (bottom right). The boxes represent the statistic in the following way: the middle line is the median; the bottom and top sides are the first and third quartiles, the thin lines departing from the box reach the minimum and maximum values not considered as outliers; the crosses are the outliers. other factors, like the hypothesis of syncronization between orbital and rotational period of the binary components, unrevealed presence of a third body, or tidal effects not properly taken into account. In our opinion, an interesting result is that the relativistic contribution to the apsidal motion coming from GR theory is approximately a mean among the different theories through the K T h . Now, considering K T h as a sort of amplification factor of each relativistic theory, we will have that significant differences could be found for systems with large orbital eccentricities and high total mass Mt to orbital period P ratio Mt P .
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